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Dimensions

fA = dim S* = #SYT shape A i.e. chains @ — A in Young's lattice
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(vague) meta message

Large LR ¢}, <—~—~—~—~—~—> Large dim f*
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Theorem (Pak—Panova-Y. 2019)

» stability: C(n, k) = D(k) for n > (k;l)
» monotonicity: C(n k) < C(n+1,k) and C(n) < C(n+1)



quick plan

1) asymptotics of D(n)

2) asymtotitcs of C(n)



Largest dimensions

(OId) Problem: The asymptotics of D(n)

Bivins—Metropolis—Stein—Wells '54, Baer—Brock '68, McKay '76, Rasala '77
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Largest dimension

Burnside identity:

Y ()P =n = vl _ D(n) < Vn!

A-n p(n) -
p(n) ~ Lﬁe“m = # partitions of n

early wrong conjectures: D(n) > v/n!/poly(n

Theorem (Vershik-Kerov 1985)

(Q) What partitions attain max dimensions?



Partitions for largest & typical dimensions

Vershik-Kerov-Logan-Shepp (VKLS) limit shape!
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A — Q(x) = % xarcsin(x/2) + V4 —x2)  x € [-2,2]

sup, INI(t)/v/n— Q(t)] < ¢/n'/0

A
1pic from Romik’s book; partition sampled from the Plancherel measure (fn)



Partitions attaining largest dimensions

Partitions sequence A" + n is Plancherel if

A > /nl e eV

Theorem (Logan-Shepp 1977, Vershik-Kerov 1985)
Every Plancherel sequence has VKLS limit shape.

note: £ =+/nle®" is enough for VKLS shape

related: solution to Ulam’s problem on longest increasing subsequences, A1 ~ 2+/n.



Stanley’s problem

Theorem (Stanley 2015)
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Stanley’s problem

Theorem (Stanley 2015)
C(n) = on/2—=0(+/n)
Theorem (Harris—Willenbring 2014)

Z (cX,)? = F(n) = #bicolored partitions of n
AFnyu, v

Problem (Stanley)
What partitions A, i, v attain the maximum?



Max LR

Theorem (Pak-Panova-Y 2019)
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Max LR

Theorem (Pak-Panova-Y 2019)

k

In fact,

n
> @rz(j)
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Asympt. largest LR attained on Plancherel seq

Theorem (Pak-Panova-Y 2019)
(i) ¥V Plancherel A= n 3 Plancherel u+ k =n6, v n(1—06), 0 € (0,1):
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Asympt. largest LR attained on Plancherel seq

Theorem (Pak-Panova-Y 2019)
(i) ¥V Plancherel A= n 3 Plancherel u+ k =n6, v n(1—06), 0 € (0,1):
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(ii) V Plancherel p,v 3 Plancherel A ...

(i) ¥ Plancherel A, u 3 v with VKLS limit shape:

1/2
v = (n—k)' e—O(n2/3 log n) C?\ — (n) e—O(n2/3 log n)

Proof ideas: Estimates from the identities

A LA n A A
2 Gnft = (k) Fre D anfM =S
AFn ukk,vn—k

For (iii), skew SYT f*/¥ new bounds + properties of VKLS shape.
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Theorem (Pak-Panova-Y 2019)
W, v = n/2 Plancherel 4 A with VKLS limit shape

A —/nl OWnlogn) & A _

wv

Conjecture. 3 Plancherel A, 1, v

1 /n A
% (E — |0g2 C}L\/) — 00



Large LR implies (relatively) large dim

Theorem (Pak-Panova-Y 2019)
Let A\ ny w,vE n/2 with
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Large LR implies (relatively) large dim

Theorem (Pak-Panova-Y 2019)
Let A\ ny w,vE n/2 with

1/2
C?\ — n e—O(n/ log n)
i n/2

= A =vnl e O fH Y =/(n/2) e O

Proof ideas:

D> ()= > chychscyycis (from skew Cauchy)
Abn o, B,Y,8

A ay/n i v A —un( A logyn
max .y < e®Vmaxcy maxcyg 2> e "(cuy)
B B



Max LR with few rows

GC(n) == max CZ\W
AEny LA)=C, w,v

Theorem (Pak-Panova-Y. 2019)

n€2/2—a€e—b€2 log ¢ < Cg(n) < (n+ 1)€2/2

Proof ideas: Knutson-Tao interpretations, Schur polynomials bounds.

Corollary

log C(n) ~ %(’,2 log n, = 0(v/n/logn)



Containment of max LR

Theorem (Lam-Postnikov-Pylyavskyy 2007)

A

A
Cuv < Cuuv,unv



Containment of max LR

Theorem (Lam-Postnikov-Pylyavskyy 2007)

A
pUv,uNv

A
Cuv <c
Corollary

Vn ducCvCA cﬁV:C(n)



Containment of max LR

Theorem (Lam-Postnikov-Pylyavskyy 2007)
Ci\w < CﬁUv,uﬂv
Corollary
Vn JuCvCA ¢\, =C(n)

Conjecture [PPY]

), =Cln) = uCvCA

Remark: C(n, k) for k =1,...,n is symmetric but not unimodal, otherwise 1 = v
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Some conjectures, questions

» C(n) < 2"2e=3V1 or even C(n,Bn) < (or) e—avn

20
C(20,7) =11 < 1/ ( 7) ~ 278.42

> cﬁv = C(n) = A, i, v have VKLS limit shape

» stronger version: A n, u,vEn/2

blogn
fk/m>a(ck /<n>1/2> g
- o\ n/2

LR bounds for other limit shapes

v



Rahmet!

Thank you!
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