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Warmup: find two unrelated persons



Two unrelated persons (perhaps)

L. Kronecker D. Littlewood L. Kronecker



Kronecker & LR coefficients (the symmetric group)

λ = (λ1 ≥ · · · ≥ λ` ≥ 1) partition of n = λ1 + . . .+ λ`

Irreducible representations of Sn: Sλ (Specht modules)

– Kronecker g(λ, µ, ν) tensor product decomposition multiplicity:

Sµ ⊗ Sν =
⊕
λ`n

g(λ, µ, ν)Sλ (λ, µ, ν ` n)

– LR cλµν induced multiplicity: Ind
Sn

Sk×Sn−k
Sµ ⊗ Sν =

⊕
λ`n

cλµνS
λ

Via Schur polynomials sλ(x1, . . . , xn) :=
det[x

λj+n−j
i ]∏

i<j(xi − xj)

sλ(xiyj) =
∑
µ,ν

g(λ, µ, ν)sµ(xi )sν(yj) sµsν =
∑
λ

cλµνsλ

Important in Algebraic Combinatorics: symmetric functions, Grassmannians.

Combinatorial interpretations are known for LR but not for Kronecker.



Stanley’s problems

Theorem (Stanley (2015))

max
λ,µ,ν`n

g(λ, µ, ν) =
√
n! e−O(

√
n)

max
λ`n,µ,ν

cλµν = 2n/2−O(
√
n)

Problem (Stanley)

What partitions attain these maxima??????
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Largest dimension

f λ = dimSλ (dimension of irreducible representation of Sn)

= # standard Young tableaux (SYT)
1 3 6

2 4

5

=
n!∏

�∈λ hook�
(hook-length formula) f 321 = 6!

1·1·1·3·3·5 = 8

(Old) Problem: Find the asymptotics of D(n) := maxλ`n f
λ

(Bivins et al (1954), Baer-Brock (1968), McKay (1978))



Largest dimension

Burnside-Frobenius identity:

∑
λ`n

(f λ)2 = n! =⇒ √
n!

p(n)
≤ max

λ`n
f λ ≤

√
n!

p(n) ∼ 1
4n
√
3
eπ
√

2n/3 # partitions of n

(early wrong conjectures: D(n) ≥
√
n!/n or D(n) ≥

√
n!/poly(n))

Theorem (Vershik-Kerov (1985))

√
n! e−1.29

√
n ≤ max

λ`n
f λ ≤

√
n! e−0.11

√
n

(Similar question) What partitions attain max dimension?
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Partitions for largest (& typical) dimension

Vershik-Kerov–Logan-Shepp (VKLS) limit shape1

1.17 The limit shape theorem 61

- 2 20-0.5-1 0.5 1

(a)

(b)

Figure 1.13 (a) The Logan–Shepp–Vershik–Kerov limit shape ⌦.
(b) The limit shape superposed for comparison (after correct
scaling) on a simulated Plancherel-random Young diagram of
order n = 1000.

Theorem 1.22 is a landmark achievement in the development of the
mathematics of longest increasing subsequences; the result, and the ideas
used in its proof, have had a considerable impact on research in the field
beyond their immediate applicability to the Ulam–Hammersley problem.
Take a moment to appreciate this beautiful result with a look at Fig. 1.13.

As a first application of Theorem 1.22, we can prove a first asymptoti-
cally sharp bound on `n, the average maximal length of a longest increasing
subsequence of a random permutation of order n.

[λ] → ω(x) = 2
π

(
x arcsin(x/2) +

√
4 − x2

)

1pic from Romik’s book; partition sampled from Plancherel measure (f λ)2

n!



Partitions attaining largest dimension
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beyond their immediate applicability to the Ulam–Hammersley problem.
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As a first application of Theorem 1.22, we can prove a first asymptoti-
cally sharp bound on `n, the average maximal length of a longest increasing
subsequence of a random permutation of order n.

Partitions sequence λ(n) ` n is Plancherel if

f λ
(n) ≥

√
n! e−c

√
n

Theorem (Logan-Shepp (1977), Vershik-Kerov (1985))

Every Plancherel sequence has VKLS limit shape.

Gave solution to Ulam’s problem on longest increasing subsequences, λ1 ∼ 2
√
n.



Max Kronecker are Plancherel

Theorem (Pak-Panova-Y.)

(i) g(λ, µ, ν) =
√
n! e−O(

√
n) =⇒ λ, µ, ν Plancherel

(ii) ∀ Plancherel λ, µ ∃ Plancherel ν: g(λ, µ, ν) =
√
n! e−O(

√
n)

Proof idea:

f µf ν =
∑
λ

g(λ, µ, ν)f λ

∑
λ,µ,ν`n

g(λ, µ, ν)2 =
∑
α`n

zα = n!(1 + O(1/n2))

(zα centralizer size.) Plus the bound: g(λ, µ, ν) ≤ f λ

Vanishing: ∃ f λ = n!Θ(1), f µ, f ν =
√
n!e−O(

√
n) s.t. g(λ, µ, ν) = 0.

Follows from Dvir’s theorem.

Conjecture. λ, µ, ν Plancherel =⇒ g(λ, µ, ν) =
√
n! e−O(n)
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Max LR coefficients

Theorem (Pak-Panova-Y)

(
n

k

)1/2

e−d
√
n ≤ max

λ`n, µ`k, ν`n−k
cλµν ≤

(
n

k

)1/2

In fact, ∑
λ`n

(cλµν)
2 ≤

(
n

k

)
,

∑
µ`k,ν`n−k

(cλµν)
2 ≤

(
n

k

)
∑

λ`n,µ`k,ν`n−k

(cλµν)
2 ≥

(
n

k

)



Max LR coefficients
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Max LR attained on Plancherel

Theorem (Pak-Panova-Y)

(i) ∀ Plancherel λ ` n ∃ Plancherel µ ` k = nθ, ν ` n(1 − θ):

cλµν =

(
n

k

)1/2

e−O(
√
n)

(ii) Similarly, ∀ Plancherel µ, ν ∃ Plancherel λ ...

(iii) ∀ Plancherel λ, µ ∃ ν (with VKLS limit shape):

f ν =
√
n! e−O(n2/3 log n) cλµν =

(
n

k

)1/2

e−O(n2/3 log n)

Proof ideas: Estimates from the identities∑
λ`n

cλµνf
λ =

(
n

k

)
f µf ν,

∑
µ`k,ν`n−k

cλµνf
µf ν = f λ

and skew SYT bounds + properties of VKLS shape for (iii).
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Large LR implies large dimensions

Theorem (Pak-Panova-Y)

λ ` n, µ, ν ` n/2

cλµν =

(
n

n/2

)1/2

e−O(n/ log n)

=⇒ f λ =
√
n! e−O(n), f µ, f ν =

√
(n/2)! e−O(n)

Proof ideas:∑
λ`n

(cλµν)
2 =

∑
α,β,γ,δ

cµαγc
µ
αδc

ν
βγc

ν
βδ (from skew Cauchy)

cλµν ≤ ea
√
n max
α,β

cµαβ max
α,β

cναβ

f λ ≥ cλµνf
µf ν, f λ ≥ e−un(cλµν)

log2 n
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Max LR with few rows

C (`, n) := max
λ`n, `(λ)=`, µ,ν

cλµν

Theorem (Pak-Panova-Y.)

n`
2/2−a`e−b`2 log ` ≤ C (`, n) ≤ (n + 1)`

2/2

Proof uses Knutson-Tao combinatorial interpretations.

Corollary

logC (`n, n) ∼
1

2
(`n)

2 log n, `n = O(
√
n/ log n)



Vanishing LR

Theorem (Pak-Panova-Y)

µ, ν ` n/2 Plancherel ∃ λ (with VKLS limit shape)

f λ =
√
n! eO(

√
n log n) & cλµν = 0.

Conjecture. ∃ Plancherel λ, µ, ν

1√
n

(n
2
− log2 c

λ
µν

)→ ∞



Containment of max LR

Theorem (Lam-Postnikov-Pylyavskyy (2007))

cλµν ≤ cλµ∪ν,µ∩ν

Corollary

∀ λ ∃ µ ⊆ ν ⊂ λ
cλµν = max

α,β
cλα,β

Conjecture.

cλµν = max
α,β

cλα,β =⇒ µ ⊇ ν or µ ⊆ ν



Monotinicity & stability of max LR

C (n, k) := max
λ`n,µ`k,ν`n−k

cλµν C (n) := max
k

C (n, k) D(n) = max
λ`n

f λ

ON THE LARGEST KRONECKER AND LR–COEFFICIENTS 27

Appendix A. Table of the largest Littlewood–Richardson coefficients

Here is the sequence {C(n)}.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
C(n) 1 1 1 1 1 2 2 2 2 3 3 4 4 5 6 8 9 11 12 18 24 32 35

Here is the table of C(n, k), for 0  k  20 and 1  n  23. Note that C(n, k) = C(n, n�k).

n \ k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
1 1 1
2 1 1 1
3 1 1 1 1
4 1 1 1 1 1
5 1 1 1 1 1 1
6 1 1 1 2 1 1 1
7 1 1 1 2 2 1 1 1
8 1 1 1 2 2 2 1 1 1
9 1 1 1 2 2 2 2 1 1 1
10 1 1 1 2 3 2 3 3 1 1 1
11 1 1 1 2 3 3 3 3 2 1 1 1
12 1 1 1 2 3 3 4 3 3 2 1 1 1
13 1 1 1 2 3 3 4 4 3 3 2 1 1 1
14 1 1 1 2 3 3 4 5 4 3 3 3 1 1 1
15 1 1 1 2 3 6 6 5 5 6 6 3 2 1 1 1
16 1 1 1 2 3 6 8 7 6 7 8 6 3 2 1 1 1
17 1 1 1 2 3 6 8 9 8 8 9 8 6 3 2 1 1 1
18 1 1 1 2 3 6 8 11 10 9 10 11 8 6 3 2 1 1 1
19 1 1 1 2 3 6 8 11 12 11 11 12 11 8 6 3 2 1 1 1
20 1 1 1 2 3 6 8 11 12 13 18 13 12 11 8 6 3 2 1 1 1
21 1 1 1 2 3 6 16 12 14 14 24 24 14 14 12 16 6 3 2 1 1
22 1 1 1 2 3 6 16 20 15 16 27 32 27 16 15 20 16 6 3 2 1
23 1 1 1 2 3 6 16 20 24 19 30 35 35 30 19 24 20 16 6 3 2

For comparison, here is the sequence {D(n)} taken from [OEIS, A003040], to which the
column values in the table above stabilize by Theorem 4.22.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
D(n) 1 1 2 3 6 16 35 90 216 768 2310 7700 21450 69498 292864 1153152
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Monotinicity & stability of max LR

C (n, k) := max
λ`n,µ`k,ν`n−k

cλµν C (n) := max
k

C (n, k) D(n) = max
λ`n

f λ

Theorem (Pak-Panova-Y)

(i) {C (n)} is nondecreasing

(ii) fix k , then {C (n, k)} is bounded and nondecreasing

(iii) stability: for every k and n ≥
(k+1

2

)
we have C (n, k) = D(k).

Conjecture. C (n) < 2n/2e−a
√
n



Skew SYT

Theorem (Pak-Panova-Y)

√
n!/m! e−a

√
n ≤ max

λ`n, µ`m
f λ/µ ≤

√
n!/m! ea

√
n

Theorem (Pak-Panova-Y)

(i) λ ` n, µ ` m = nθ Plancherel, then:

f λ/µ =
√
n!/m! e−O(n2/3 log n)

(ii) Suppose

f λ/µ =
√
n!/(n/2)! eO(n/ log n)

then

f λ =
√
n! eO(n), f µ =

√
(n/2)! eO(n)



Generalizations to other groups

Most bounds/results extend to general finite groups with few

conjugacy classes (our companion paper [PPY2])



R t!
a e

k m
h

Thank you!


	Symmetric functions

